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Abstract 

Following up the work of [I] on deformed algebras, we present a class of Poincare invariant quantum 
field theories with particles having deformed internal symmetries. The twisted quantum fields discussed 
in this work satisfy commutation relations different from the usual bosonic/fermionic commutation rela- 
tions. Such twisted fields by construction are nonlocal in nature. Despite this nonlocality we show that 
it is possible to construct local interaction Hamiltonians which satisfy cluster decomposition principle 
and are Lorentz invariant. We further illustrate these ideas by considering global SU(N) symmetries. 
Specifically we show that twisted internal symmetries can significantly simplify the discussion of the 
marginal deformations (/3-deformations) of the N = 4 SUSY theories. 

The deformation of spacetime symmetries leading to twisted statistics for quantum fields is not a special 
, feature of only spacetime symmetries 12, 3]. In general there exists a way of deforming the algebra of 

■ functions on a manifold M which can lead to deformed statistics in a quantum theory [T]. Motivated 

by this, in this paper we discuss the possibility of having twisted statistics by deforming global internal 
symmetries. Following up the work of [1] on deformed algebras, we present a class of Poincare invariant 
quantum field theories with twisted bosonic/fermionic particles having deformed internal symmetries. In 
other words, we construct field theories where fields transform in standard way under Poincare transformation 
(as opposed to the twisted transformation on noncommutative spacetimes e.g. Groenewold-Moyal (GM) 
plane) but nonetheless have twisted statistics. The twisted quantum fields discussed in this work, satisfy 
commutation relations different from the usual bosonic/fermionic commutation relations. Such twisted fields 
by construction (and in view of CPT theorem) are nonlocal in nature. We show that inspite of the basic 
ingredient fields being nonlocal, it is possible to construct local interaction Hamiltonians which satisfy cluster 
decomposition principle and are Poincare invariant. Although the formalism developed here can be adapted 
to the discussion of a generic global internal symmetry group but for sake of concreteness we restrict ourself 
only to the discussion of global SU(N) symmetries. As a specific example of interesting application of these 
ideas we show that twisted internal symmetries can significantly simplify the discussion of the marginal 
deformations (also known as /3-deformations) of the scalar sector of N = 4 supersymmetric (SUSY) theories. 

The plan of the paper is as follows. We begin with briefly reviewing the treatment of global symmetries, 
in particular SU(N) group, in the usual untwisted case. We then discuss a specific type of twist called 
"antisymmetric twist" . This kind of twist is quite similar in spirit to the twisted noncommutative field 
theories. The formalism developed here will closely resemble (with generalizations and modifications which 
we will elaborate on) the formalism of twisted noncommutative theories [4]. We then construct interaction 
terms using these twisted fields and discuss the scattering problem for such theories. We show that the 
twisted SU(N) invariant interaction Hamiltonian as well as the ^-matrix elements are identical to their 



* rahul@cts. rise, ernet . in 
tvaidya@cts.iisc.ernet.in 



1 



untwisted analogues and hence by doing a scattering experiment it is difficult to distinguish between a 
twisted and untwisted theory. We further show that relaxing the demand of SU(N) invariance leads to 
differences between the two theories and for certain interaction terms the twisted theory is nonlocal although 
its analogous untwisted theory is still local. As an interesting example of twisted field theories we also show 
that the marginal deformations of the scalar sector (without gauge fields) of N — 4 SUSY interaction 
Hamiltonian density can be mapped to a twisted interaction Hamiltonian density. 

We then construct more general twisted statistics which can be viewed as internal symmetry analogue of 
dipole theories which arise in the low energy limit of certain string configurations [5]. We also discuss the 
construction of interaction terms and scattering formalism for it. The main results for general twists are 
same as those for the antisymmetric twist. 

We end the work with discussion of causality of the twisted field theories. We show that the twisted fields 
are noncausal and hence a generic observable constructed out of them is also noncausal. Inspitc of this it 
is possible to construct certain interaction Hamiltonians, e.g. the SU(N) invariant interaction Hamiltonian, 
which are causal and satisfy cluster decomposition principle. 



1 Brief Review of Global Symmetries In Untwisted Case 

In this section we briefly review the standard treatment of global symmetries in the usual untwisted case [BHU] . 
In view of the computations and generalizations done in later parts, we take the route of Hamiltonian 
formalism, instead of the more convenient Lagrangian formalism, to study the global symmetries. For sake 
of simplicity, we mostly restrict our discussion to the case of matter fields which transform as scalars under 
Poincare group and transform as a fundamental representation of a given global SU(N) symmetry group. 
The treatment here can be easily generalized to spinor fields, as well as, higher representations of SU(N) 
group. 

Let (f> r (x), r = 1, 2, . . . N be a set of complex scalar (under Lorentz transformation) quantum fields having 
mode expansion given bjQ 

= J |^ [cr( P )e^ + 4(p)e*-] , 



= / ^ [dr(p)e- ipx + 4(p)e^] . (1) 



The creation/annihilation operators satisfy the commutation relations 



cf{Pl)cf{p2) = V cf {V2)C* (p 



(ci)*( P1 )(ci)*(p 2 ) = V (ci)*( P2 )(4)*( P1 ), 

Cr{pi)4{p2) = T] 4(P2)c r (pi) + (2n) 3 2E p S rs 6 3 ( Pl - p 2 ) , 

dr(pi)dj(pa) = »jdj(p2)dr(pi) + (2n) 3 2E p S rs 6 3 ( Pl - p 2 ), 

c r(pi)dt(p 2 ) = r)dl(jp2)cr{pi), (2) 

where cf(p) stands for either of the operators c r (p),d r (p) and (c£)#(p) stands for either of the operator 
cj,(p),dl(p). Also, as these are bosonic operators, so ij = 1 should be taken in @. For the case of fermionic 
operators r\ = — 1 should be taken. Since we are mostly concerned with internal symmetries, so we will 
usually suppress the momentum dependence of the operators and will not write them explicitly unless we 
need them. 



1 Throughout this work we will denote the usual bosonic/fermionic annihilation operators by the labels c r and d r whereas 
the twisted operators will be denoted by a r and b r . The same notation will be followed for usual and twisted creation operators. 
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Let U(a) — exp(icr Q A a ), a — 1,2, .. . (iV 2 — 1) and a being (N 2 — 1) arbitrary parameters (independent 
of spacetime coordinates), be the unitary representation of the group element "er" of the SU(N) group on 
Fock space. Then, if the fields (f> r (x) transform as fundamental representation of the SU(N), we have 

U(a)4(x)UHa) = = i^ T ") sr fax), (3) 

where r, s = 1,...N and a = 1, . . . (N 2 - 1). Also, T a are N x N hermitian matrices and furnish the 
fundamental representation of the generators of the group satisfying the Lie algebra 

[T a ,T b ] = if abc T c (4) 

where f abc are the structure constants. 

The infinitesimal version of ([3]) can be written as 

U(e)<f> r (x)U'(e) = (f)' r (x) = <j> r {x) - ie a (T a ) rs (f) s (x), 

U{e)<pl{x)U\e) = ${x) = 4>\{x) + ie a {T a ) sr <f>\{x) . (5) 
The A a furnish a Fock space representation of the generators of the group, having the form 

K = / (ifa^ [{Ta)rsclc s - {T^d.) , (6) 

where (-T*) = (—T^) are TV xA^ matrices^ and furnish the anti- fundamental representation of the generators 
of the group satisfying the Lie algebra 

[(- T ;),(-T b *)] = if abc {-T* c ). (7) 

The operators A a also satisfy the same Lie algebra 

[A ,A 6 ] = ifabc^c- (8) 

Using © one can immediately check the correctness of (jSJ) and can deduce the transformation properties of 
the creation/annihilation operators which are given by 

U{a)c r U\a) = c' r = (e^" T ") rs c s , 
U(a)4u\a) = c'J = (e^) sr cj, 

U(a)d r U\cr) = d' r = (e ia « T *°-\ d s , 

\ / rs 

U{a)d\uHa) = d'} = (e-^ T 'A d\. (9) 

\ J ST 

Using (|9]) and assuming that vacuum remains invariant under the transformations i.e. [/(<r)|0) = |0), we can 
deduce the transformation property of state vectors, which for single-particle states, is given by 

U(a)\r) = U(a)4\0) = U(a)4U*(a)U(a)\0) = (e M ) sr 4|0) = (e^ T *) sr \s), 

U(a)]r) = U(a)dt\0) = U {a)dlu\a)U {a)\Q) = (e~ l ^ T 'A d\\0) = (e~^ T *A \sj. (10) 

V / sr V / sr 

Similar transformation properties hold for multi-particle states. 

2 T^[ stands for transpose of T a . Also this relation holds because of hermiticity of the generators. 
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Having discussed the transformation properties of quantum fields and state vectors under the SU(N) 
group, let us now consider a Hamiltonian density H(x) constructed out of the fields 4> r {x) and their canonical 
conjugates Tl r (x). The operator U{a) — exp(ier a A a ) transforms it as 

U{a)H{x)U\a) = U'(x). (ff) 

The transformation of ([lip is said to be a symmetry transformation and the system is said to be having 
a SU(N) global symmetry if the Hamiltonian density remains invariant under such a transformation 3 ]. 
Therefore we have 

U{a)H{x)U\a) = H'(x) = U(x). (12) 
The above condition in turn implies that 

[H,A a ] = 0. (13) 



From (|13|) we can infer that all A a are constants of motion and hence conserved quantities, called " charge 
operators" and their eigenvalues are termed as "internal charges" of the given eigenstate. Since SU (N) is 
a nonabelian group satisfying the Lie algebra ©, a state cannot simultaneously be an eigenstate of all the 
charge operators and hence only a subset of the charges can be simultaneously measured. The maximal 
commuting subset of the charge operators is called "Cartans" of the group and usually the eigenstates of 
the Cartans are taken as the basis states. For a SU(N) group there are N — 1 Cartans and we will denote 
them by Q m \ 1 < m < N — 1. 

The condition (|12p puts stringent constraints on the type of Hamiltonian densities allowed by the sym- 
metry. For example, a free theory Hamiltonian density will satisfy (Tl"2"|) if and only if the masses m r of all 
particles are same i.e. m r = m s = ■ ■ ■ = m and is given by 

n a = UlU r + (9i4)(9Vr) + m 2 4<jy r . (14) 

where n r is the canonical conjugate momentum. The only renormalizable interaction Hamiltonian density 
compatible with (|12p is given by 

Hint = -^1^, (15) 

where r, s = 1, 2, • • • , N. 
Weight Basis 

The discussion till now holds for generators written in any basis. For purpose of our work, it is convenient 
to write them in "weight basis" . From now onwards we will write the generators in weight basis only. The 
obvious advantage of working in weight basis being that the Cartans are all diagonal matrices and easy to 
deal with. In this basis, we denote Cartans by Q m ; 1 < m < N — 1. The other generators, denoted by E n ; 
1 < n < N(N — 1), are the so called "raising/lowering" generators. Their Fock space representation is given 
by 

d 3 p 1 
2tt) 3 2E, 
d 3 p 1 
(2tt) 3 2E p 



Qm — j ^27r)3 2E \-^ m ^ rsC ^ Cs (im)rs^s] J 

E n = I T^T^^rr [(e n )rs4c s - (e n )* s 4.d s ] , (16) 



3 Since these are global transformations so it is enough for T-L(x) to be invariant, which will automatically imply that the 
Hamiltonian H itself remains invariant. 
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where creation/annihilation operators in (|16[) are labeled using weights. Also, q m and e n are N x N matrices 
and they together satisfy the lie algebra of the group, furnishing the fundamental representation of 
the generators. The N x N matrices (-q^) and (— e*) furnish the anti-fundamental representation of the 
generators. Moreover since q rn and (j m are Cartans of the group and are written in the weight basis so 



[q m ,qn 



o. 



(17) 



and 



qm — q m — 



A„, 



V o o 







(18) 



In the weight basis we have 



(u) 

where Am is the mth component of the weight vector corresponding to the Cartan Q Tl 
Similarly we have 



[Q, 



.,4] 



AW c t 



(19) 



[Qm i du\ 
[Qm-, dy\ 



Using (201) and (HHJ) we have 



ti 



A^d 
-A^ 



(20) 



(21) 



The above was a very brief review of the standard discussion of global symmetries in quantum held theories. 
Apart from completeness of the work, the main purpose of this section was to setup the notations and 
conventions that we use in the rest of the paper. Keeping that in mind we restricted ourself to the discussion 
of only SU (N) group symmetries and to only scalar fields transforming as a fundamental representation. 
Other type of groups like SO(N) can be discussed in a similar way. Also, within SU (N) group symmetries, 
generalization to higher representations and discussion of transformation properties of spinor (under Lorentz 
transformation) fields can be done in a similar and straightforward way. 



2 Antisymmetric Twists 

Our main interest is to write held theories where the particles satisfy twisted commutation relations, which 
in general can be 

a r (pi)a s {P2) = Ci a s (p2)a r (pi), 
al(p 1 )al(p 2 ) = C2aI(P2)4(pi), 

; (22) 

a r (p 1 )al(p 2 ) = ( 3 al(p 2 )a r (pi) + (2ir) 3 2E p 5 rs 6 3 (pi - p 2 ), 
br(pi)bt( P2 ) = C4bt( P2 )b r (p 1 ) + (2TT) 3 2E p 6 rs S 3 (p 1 - P2 ), 

a r (pi)bt(p 2 ) = C5^(P2)fflr(Pi), (23) 
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where we are denoting the twisted creation and annihilation operators for particles and ant i- particles by 
a r ,b r and a\,b\ respectively. 

In this section, we restrict ourself only to the discussion of a specific type of twist which we call "antisym- 
metric twist" . This kind of twist is quite similar in spirit to the twisted statistics of noncommutative field 
theories e.g Groenewold-Moyal (GM) plane. The formalism developed here will closely resemble (with ap- 
propriate generalizations and modifications) the formalism of twisted noncommutative theories [3]. Also, the 
formalism developed here is true for any SU(N) group with N > 3. The antisymmetric twisted commutation 
relations for a r , b r and aj., b\ are 



af(px)af(p 2 ) = 


77 e 


AA< S ' 


af(p 2 )a*(pi), 






(4) # (Pi)(aJ) # (P2) = 


77 e 


AA<'> 


(at)#( P2 )(ai)#( Pl ), 






a r (pi)al(p 2 ) = 


77 e- fx ' 




° a\{p 2 )a r { Pl ) + (2tt) 3 2E t 


,6 rs 5 3 (pi 


- P2), 


br(pi)bt(p 2 ) = 


77 e~ fy 


»AA<' 


" bi(p 2 )b r ( Pl ) + (2ir) 3 2E p 


S rs 8 3 (pi 


- P2), 


ar(pi)bt(p 2 ) = 


4 A (r: 

77 e 




b\ijp 2 )a r (jpi), 




(24) 


where A» A A» = X^dim^m ; l,m = 


1,2,..- 


,(N 


- 1). Right now x\ r \Xm 


are some 


arbitrary parameters 



whose meaning will be clarified soon. Also, 9i m = —0 m i is a arbitrary real antisymmetric matrix. Moreover, 
af and (c4)# stands for either of the operators a r ,b r and al,bl respectively. Again, for "twisted bosons" 
77 = 1 and for "twisted fermions" 77 = —1 should be taken in (|24l) . 

Using the above creation/annihilation operators we can write down complex scalar (under Lorentz trans- 
formations) quantum fields. Let <pg r (x), r = 1, 2, ... N be such a set of complex scalar quantum fields having 
mode expansion given by 

< r («) - / (^2^ [6r(p)«" ipx + ■ (25) 

The Fock space states can be similarly constructed using these twisted operators. To start with we assume 
that the vacuum of the twisted theory is same as that of the untwisted theory. The reason for the above 
assumption will be clarified soon. The multi-particle states can be obtained by acting the twisted creation 
operators on the vacuum state. Because of the twisted statistics (|24p . there is an ambiguity in defining the 
action of the twisted creation and annihilation operators on Fock space states. We choose to define a\{p), p 
being the momentum label, to be an operator which adds a particle to the right of the particle list i.e. 

at{p)\Pi,ri;p 2 ,r 2 ;...p n ,r n )g = \p 1 , n; p 2 , r 2 ; . . . p n , r n ; p, r)§, (26) 

With this convention, the single-particle Fock space states for this twisted theory are given by 

Me = &J(P)|0), 

\p,r) § = o t(p)|0>. (27) 

The multi-particle states are given by 

\pi,n; ps,r 2 ; ... p n ,r n }g = bt n (p n ) . . . ^(^^bOlO), 

\pi,n; p2,r 2 ; ... Pn,r n )§ = 4„(^n) • • • 4 2 CP2)4i(Pi)l )- ( 28 ) 
Owing to the twisted commutation relations of (|2~4"|) . the state vectors also satisfy a similar twisted relation 
e.g. for two-particle states we have 

2,r 2 ; Pi,ri}§ = e |pi, rf, p 2 , r 2 )§, 

\p2,r 2 ;pi,n) § = e^^'lpi.njpa.ra^-. (29) 
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Dressing Transformations 

Before going further and discussing the transformation properties of these twisted fields under SU(N) group 
and construction of various Hamiltonian densities, we would like to discuss a very convenient map between 
the twisted creation/annihilation operators and their untwisted counterparts. Such a map not only enables 
us to do various cumbersome manipulations on twisted operators in a convenient way but will also enable 
us to compare and contrast the twisted theories with their untwisted counterparts. 
We start with noting the fact that, if we define certain composite operators as 

b r = d r e^ r)A ®, 

l\ = e-i xir>A Qdl (30) 

where Q m ; m — 1 , 2, • • • , (N — 1) are the Cartans of the SU(N) group, given by (fT5f and the Am' are defined 
by (O, (EOD- Also, X (r) A Q = A, (r) 6> ir „Q m ; l,m = 1,2,---(N - 1), 9 lrn = -6 ml being an arbitrary real 
anti-symmetric matrix. 

One can check that operators in (I3U| satisfy the same twisted commutation relations as if we 

(r) (s) t (r) n ~ (s) 

identify A ; 0i m Kn — 9i m Xm . But as both 6i m and &i m are arbitrary matrices, the above demand is 
always satisfied. 

Hence we have a map between creation/annihilation operators of the twisted theory with those of the 
untwisted theory, which we call as "dressing transformations" and is given by 

a r = c r e-t AMA< 3 = e-^ (r) AQ Cr; 

a}, = C t e i AMA <2 = et AM ^ c t, 

b r = d r e^ {r) ^ = e^ {T)hQ d r) 

fot = 4e-^ w ^ = e -^ (r) AQ d t. (31) 

This dressing map extends to all operators and state vectors in the two theories and provides us with a 
convenient way to discuss the twisted field theories. For twisted fields of (|2"5)) . we have 

foA*) = 0o,r(x)e~^ MA « = r^ WA ^„, r (i), 

4A X ) = AAx)^ X{r)AQ = e* AWA «4 ir (x), (32) 

where 4>o,r(x), 4>\ r ( x ) are the untwisted fields given by ([IJ and we have put a subscript "0" to distinguish 
them from twisted fields. Also we note that A^ A A^ = 0, owing to the antisymmetry of 9. Hence one 
can freely move the exponential terms in (|31l) and (|32p from left to right and vice versa. The antisymmetry 
of the 9 matrix also means that it is not possible to get twisted statistics for any internal symmetry group 
which is of rank less than 2. Thus SU(3) is the smallest SU(N) group for which we can have a twisted 
statistics of the above type. 

The twisted fields satisfy the commutation relations 

(t>eA x )<f>eA x ) = e lA<r ' AAls> foAtf&Ax), 

4A x )4A x ) = elAMAA<s ^>)<>)> ( 33 ) 

which can be easily checked by using (f!M]) or alternatively by using (l32"j) . 
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We also note that, the number operator N remains unchanged i.e. 

No = I TT^— [a\a r + b\b r ] 



(2tt) 3 2E p 
d 3 p 1 



[c\c r + dld r ] = N Q . (34) 



(2tt) 3 2E p 
Also we have 

[Qm,<t>e,r{ x )] = -^m4>e,r{ x )-> 

'Qrn,^Jx)] = \$<f>lM ( 35 ) 



which is same as the relation ([21]) satisfied by the untwisted fields. 

Also, if |0)o and \0}g are the vacua of untwisted and twisted theories then we 



c r |0} = d r \0)a = 0, 

a r \0) e = b r \0) e = 0. (36) 



But because of the dressing transformations pip we have 

a r |0) = Cre ~^ M AQ| 0)()j 

b r \0) = d r ei x<r) ^\0)o. (37) 

If the untwisted vacuum is invariant under the SU(N) group transformations i.e. if Q m |0)o = E n \0)o = 
then 

ar|0) o = c r |0} = 0, 

6 r |Q)o = d r |0) = 0. (38) 

Hence, the vacuum of the two theories is one and same. Similarly we find that, provided the untwisted 
vacuum is invariant under the SU(N) group transformations, the single-particle states in the two theories 
are also same i.e. 

\r)g = \r} , 

\r)e = |r) . (39) 

In this work we will restrict ourself only to the case of the untwisted vacuum being invariant under the 
SU{N) group transformations. The case of it not being invariant under SU(N) transformations is also a 
exciting scenario, as it will lift the degeneracy of the vacua of the two theories and we expect it to result 
into new features in the twisted theory. We plan to discuss it in more details in a separate work. 

Now we can discuss the transformation property of the fields 4>g, r under SU(N), which is given by 

U(a)<t> g , r (x)rf(o-) = <f>' e>r (x) = C/(a)e-^ < " )AQ C/ t ( ( T)[/(a)^ r (x)[/ t ( f 7) 

= U(a)e-i x(r) ^UHa) (e— T «) rs cf> s ( X ) = £ {r) (a) (e^ 7 ^ <f>.(x), 

U(a)4 ir (x)UHa) = ^(x) = U(a)4 tr (x)UH^)U(a)ei x(r)A ^(a) 

= (e^ T «) sr <t>\{x)U{o)e^^U\a) = (e^) sr fax) t* r) {a\ (40) 

where £( r )(cr) = U(a)e~^ xlr) A< 2[/t (a) is a unitary operator satisfying £( r ) (0")£jL) (o - ) = £( r ) (r) (°") = I. 
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Also we have 



4> s {x) = U{a)e-^ T)AQ U\cx)U{a)ct>^ r {x)U\cT) 

= U(a)e-i x ^ AQ <l>o,r{x)Ut(a) = U{a)<t> , r (x)e-?^ r ' >AQ ^ 1 » 

= [/(a)0o, r (^VM^ A<r>AQ ^V) = (e-^-),.,^^) ^(^.(41) 



The transformation properties of the state vectors can be similarly discussed. For example, assuming that 
the vacuum remains invariant under the SU(N) transformations i.e. U(a)\0) — |0), the single-particle states 
transform as 



U(a)\r)g 
U{a)¥) e 



= U{a)4\0) = U{a)a\u\(i)U{(j)\Ql) = U{a)4ei x{T) AQ U\a)U{a)\Q) 

= U(a)ctuHa)\0) = (e M ) sr c+|0> = (e M ) sr a\\Q) = (e M ) s » e , 

= I7(cr)6j|0> = U(a)blU^(a)U(a)\0) = U(a)dl AQ U^ (a)U(a)\0) 

= U(a)4uHa)\0) = (e-^) d\\0) = (e'^) 6+|0> = (e— T ») ]s) e . (42) 

\ / sr \ / sr \ / sr 



Hence, under SU (N) transformations, the twisted single-particle states transform in same way as the un- 
twisted single-particle states. Due to f|39[) . the transformation of twisted single-particle states was expected 
to be same as that of the untwisted state. However, twisted multi-particle states will have a different 
transformation e.g. for two-particle state we have 



U(a)\r,s} 6 



U(a)al4\0) = U{a)a\u\a)U{a)alu\a)U{a)\Q) 
U{a)4 el AWA<3 ETV) U(a)4 e^ r)AQ U^{a) U(a)\0) 
U(a)4u\a)U(a)4u^(a)\0) 



e 2 



(e 



i<y a T a 



J<y a T a 



44|o) 



"" T ')u 



t t 

7 1 n i 



<|0) 



t A«AA« (eto .T. )fa (^.T.) |u>t)9) 



(43) 



and 



U(a)\r,s) e = U(a)44\0) = U{a)b\U\a)U{a)b r U\a) U(a)\0) 

= U(a)d\ e-i xi ° )AQ tf(a) U(a)4 e~^ r) aQ U\<j) U(a)\0) 



Ia^aaM 



U{a)d\u\a)U{a)4u\a)\S) 



e2 



a^'aa^ 



ei A< = >AA« g 



(e^) (e-^ *T) 4410) 

\ / ts \ / ur 

\ / ts \ / ur 

\ / ts \ / ur 



(44) 



Similarly all other multi-particle states follow twisted transformation rules. 

Before we write down field theories using <j)g_ r fields, we define a new multiplication rule for the product 
of two fields. We define the " antisymmetric star-product " ★ as follows 



4>T r (*)*4>t.(v) 



1 i i 



-jVlm 



Ql 



Qi,<P*A x ) 

Qn,4>t r ( X ) 



}m,<t>t s {y) 



(45) 
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where <pf stands for either of 4>e,r or <jr e . It should be remarked that the above defined product is infact 
the internal symmetry analogue of the widely studied Moyal-product [I]. 
Note that, owing to the relation we have 

4M***M = e-'< ±AW W ±A '%* r W'C(!/), (46) 

where A^ r ^ should be taken if (j>f r — 4>\ r an< ^ — snom d be taken if cj)f r = tfig^. Hence, multiplying two 
fields with a star-product is nothing but multiplying a certain phase factor to ordinary product of fields. 
Nonetheless, using the star-product greatly simplifies things and it should be regarded just as a shorthand 
notation for the phases that are present in a particular term in the Hamiltonian density. These simplifications 
will be further elaborated when we construct the interaction terms for twisted fields. 
The star-product introduced here has the property that 

4>lr * 4>ls = <t>t,s * <Pf,r> 

4, r * (4,, * 4t) = (C * O * *lv ( 4? ) 

and due to the antisymmetry we have 

4,r*4,r = C-C- ( 48 ) 

Also, because of the dressing transformations ([52)1 we have 

where -l-A^ is to be taken if </>* r = e r and — A^^ if cf)f r = 4>g, r . 

Having introduced the ^-product we can now discuss how to write Hamiltonian densities using twisted 
fields. For any given untwisted Hamiltonian its twisted counterpart should be written by replacing the 
untwisted fields 4>Q,r by the twisted fields 4>9,r and the ordinary product between fields by the ^-product. 
Hence the free theory Hamiltonian density Tle.F in terms of twisted fields becomes 

n e,F = l4, r * n e,r + {di4>t <r ) * ( di <t>e,r) + m 2 <\>\ r * <j> e , r 

= n^,n e ,,, + {ditlji&for) + m 2 4,r<h,r, (50) 

where lie.r is the canonical conjugate of 4>e,r', T = 1, 2, • • • , N and the last line in (j50|) is obtained using 
This Hamiltonian density is invariant under the SU(N) global transformations which can be explicitly 
checked by using P0|) . 

The renormalizable SU(N) invariant interaction Hamiltonian density compatible with (|12[) is given by 

7 t t 
Me,int = J 4>e, r * <Pe, s * 0e,r * <pe,a 

= le- iXMAXW 4,A,sMe, s , (51) 

where r, s = 1, 2, ■ ■ • ,N. 

Using pi)f one can check that (|5ip is indeed invariant under SU(N) group. Alternatively, one can also 
use the dressing transformation (|32[) and the identity (|48[) to write everything in terms of the untwisted 
fields and then apply the SU (N) transformations given by © to check for the invariance of the Hamiltonian 
density. 

From (l5Tj) it is clear that unlike the untwisted case where SU(N) invariance forces all the interaction 
terms in (fT5)) to have the same coupling 7, here the demand of SU(N) invariance forces the various terms 
to have different couplings related with each other by phases of the type e ± lA(r) AA<s) . 
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Although in this section we restricted our discussion only to scalar fields and twisted bosons but it is 
easy to generalize the discussion to include twisted fermions and spinor fields. For the discussion of twisted 
fermions we have to consider anticommuting creation/annihilation operators. The twisted fermions will 
again satisfy but with r\ = — 1. One can again write down SU(N) invariant field theories involving such 
twisted fermions in a way very similar to the one we discussed. Also, the above discussion can be easily 
generalized to higher dimensional representations of SU(N) group as well as to other symmetry groups like 
SO(N). 



2.1 S'-matrix Elements 



In the previous section we set up the formalism for writing down field theories with a special type of twisted 
statistics which we called " antisymmetric twisted statistics". We showed that using such twisted fields 
we can write down SU (N) invariant interactions. We now want to discuss the possibility of experimental 
signatures of the twisted field theories. We start our discussion from scattering processes. 

Let us first start with the SU(N) invariant free Hamiltonian density %e,F- Using the dressing transfor- 
mation (|32l) and the identity (|4TJ)) we have 



(52) 



Hence the Hamiltonian for twisted free theory is same as its untwisted counterpart. Next we look at the 
renormalizable SU (N) invariant interaction Hamiltonian density which is 

We.int = nJ jr *IIfl )t . + {di4>l ir )*(d l (j>e ir ) + m 2 4>\ r * fig >T + - ^j^*^*^^*^ 

= nj r n , r + (<9^,,)(<9Vo,r) + m 2 ^J jr ^), r + J 4,r0O I »«fo,r0O,. = ^O.Int, (53) 

where to obtain the last line we have again used the dressing transformation (1521 and the identity (14T)1) . So 
even the SU(N) invariant interaction Hamiltonian density for the two theories turns out to be same. But 
the in/out states for the twisted theory also contain information about twisted statistics. So we should look 
at S— matrix elements which can still provide information about twisted statistics. Let us take a typical 
S~ matrix element, say for the scattering process of <pe,r<Pe,s ~~ ^ 4'6,r4'e,s- Then we have 



S\ 



— > 



{rs\rs}. 



{rs\Sg\rs) 



(54) 



where Sg = 7~cxp — i d 4 zT-Lg ,int(z) is the S— operator and we have denoted the two-particle in and out 
states by \rs) g — ajaj|0). Because of ((53|) we have 



So 



Texp 



Also we have 



\ rs )t 



aWr |0> 



(PzHb, Int(z) 



c t e 5^ (s) AQ c tg2^ (r) AC 



Texp 



/oo 
-oo 



So- 



c\cl |0) 
Using (f56l) and (l55l we get 

S [4>e,r4>e, s ->■ 4>9,Ae, 



= c* aWaaW \rs) 



0) = e5 



A ( S ) AA M c f c t e |(A (r '+A fs) )AQ 



0) 



q ' K rs\e^ xl " )A ^ r) S e^ )Axlr) \rs 
Q (rs\S \rs} 

S [4>0,r4>0,s -> 0O,r0O,s] • 



(55) 



(56) 



(57) 
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So it turns out that, even the S— matrix elements for the two theories are same. It seems like the twisted 
SU(N) invariant theory is indistinguishable from an untwisted SU (N) invariant theory but we should take 
note of the fact that the particles in the two theory follow different type of statistics. Perhaps the best 
place to look for potential signatures of such particles is to look at the statistical properties and to construct 
observables which depend crucially on the statistics followed by these particles. 

One should also note that this indistinguishability arised because we demanded that our Hamiltonian 
density remains invariant under SU (N) transformations and that the twisted vacuum is not only same as 
untwisted vacuum but also annihilates all the charge operators. Dropping either of these two demands 
makes the two theories distinct. We now briefly discuss the first scenario i.e. the case where the Hamiltonian 
density does not remain invariant under SU (N) transformations. We plan to consider the second scenario 
in more details in a separate work. 

Let us take the Hamiltonian density (1531) but with fields multiplied not by ^-products but by ordinary 
products i.e. 

Hg = nl r IL e>r + {di^l^M + m 2 4, r <Pe,r + jAA, Je,r(f>e, s + h.c. (58) 

Since <j)g. r are noncommuting fields so there is an ambiguity in ordering of operators in the interaction term 
and there are other inequivalent terms which one can write. The full Hamiltonian with all </> 4 type terms 
can be written as 
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He = Hj.r^.r + {d4\, r Wh,r) + m 2 4 >r <j>8,r } 



fct A A. A„ i A A 



+ ^l^g^h^e.r + 4>\ } r4>l }S <i>e,s<i>6,r + 



h.c. (59) 



One can in principle write 24 such terms and • • • represents the other terms which we have not written. 
Some of these 24 terms will be equivalent to other terms but unlike the untwisted case not all of them are 
equal to each other. Moreover, this Hamiltonian has no SU(N) symmetry. The easiest way to see that is by 
using the dressing transformation (1321) and writing it in terms of untwisted fields 

Ho = nj ir .n , r + (a<^, r )(0 i fo, P ) + m 2 <4,>o,r + 2 e ^ M AA< s) <4 ir 4>o,r>o, s + ~ 0o,,4, r 0o,p^o,. 

+ \ e -i X ^ AXM ^sAr^^r + \ (j>l r cj>l }S <f> ,s<t>0,r +■•■ + h.C. (60) 

Because of the presence of e ± ^ xi ' AA< ' type phases, clearly this Hamiltonian density has no symmetry. 
Infact, (|59")) is equivalent to a marginally deformed SU (N) Hamiltonian density. We will discuss more about 
such Hamiltonian densities in the next section. 

Similarly one can consider many more Hamiltonians which explicitly break SU(N) invariance e.g. let us 
consider the interaction Hamiltonian given by 

He.Jnt = T 00, r *>e, r * 00 )S * <M» + h - c - ( 61 ) 

Unlike (1591 whose untwisted counterpart was SU(N) invariant, even the untwisted counterpart of this 
Hamiltonian 

^0,I„t = J ArArAs^s + h.C, (62) 

is not SU(N) invariant. 

But now (1611) is not even equivalent to any local untwisted Hamiltonian, as after using dressing transfor- 
mation we have 

%,mt = lAA,rA^e ixir)AQ +h.c, (63) 
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which is nonlocal because of the presence of nonlocal operators Q m . 

So we find that, if we demand the twisted Hamiltonians to be SU(N) invariant then they turn out to 
indistinguishable from untwisted Hamiltonians. But if we relax the demand of SU (JV) invariance then the 
two Hamiltonians are not exactly same. Infact many of such SU(N) breaking Hamiltonians like (jrlTj) turn 
out to be nonlocal and can't be mapped to any local untwisted Hamiltonian. Even in the case of SU(N) 
invariant Hamiltonians, one can possibly construct observables which show signatures of the underlying 
twisted statistics. 

2.2 The J\f = 4 SUSY Hamiltonian and its Marginal (/?-) Deformations 

As a specific example of equivalence between twisted interaction Hamiltonians of the type (1591) and untwisted 
marginally deformed SU (N) Hamiltonians, let us look at the scalar matter sector of J\f = 4 supersymmetric 
(SUSY) Yang-Mills theory in four dimensions and its marginal deformations [10]. Although it is not difficult 
to generalize the discussion to include the fermionic sector also but to illustrate our point it is sufficient 
to show the equivalence only for the scalar sector. The scalar sector of the SUSY theory consists of six 
real scalars 4>o,r] r = 1)2, •••6 having a 50(6) global symmetry. The scalars transform as fundamental 
representation of 50(6) group or equivalently as the 6-dimensional representation of the SU(4) group [Tl"1ll2| . 
These six real scalars can also be combined to form 3 complex scalars &o,r', f — 1,2,3. When written in 
terms of the complex fields only the SU (3) subgroup of the full symmetry group is apparent and the three 
complex fields transform as the fundamental representation of SU(3) group. The interaction term is given 

by 

Wo,int = Ife/L^^^K^o^o,, (64) 

Since we are not concerned with the details of the gauge theory, we will "switch off" the gauge interaction. 
So without gauge interactions we have (denoting coupling constant by ^-) 

Wo, in t = ~ e rst e uvt #S ir $J ja *o,«*o,„ 

= 7*J,X.*0.r*»- - 7*0,r*S,,*0,.*0,r. (65) 

Without the gauge interactions, the fields commute i.e. [$o,r , $o,s] = [$o r > ^oJ = 0- H ence > in the 
untwisted case the interaction Hamiltonian vanishes |13j . Let us see what happens if we replace the untwisted 
fields by twisted fields in ([65]). In that case we have 

UBM = J*t,M,.*0,r*0,. ~ J*S, P *S,.*fl,.*fl,r. (66) 

Using the relations 

*U*K» = elA<r,AA<S> (67) 

we have 

= | (l - e- A<r)AA<s) ) $l r $l tB $ e ,r*e,.. (68) 
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So the twisted interaction Hamiltonian density does not vanish. We can use the dressing transformations 
between twisted and untwisted fields to write it in terms of untwisted fields only. Then we have 



r 

4 
4 



2_ fjX^AX^ 

4 V 



*o,s e" 



iA <s) AQ 



iA< r >AA< s) \ i\<~ r) A\ (a) A t 



*L*L*0,r*0„ 



(69) 



where r,s — 1,2,3. Expanding in terms of component fields we get 



He: n _ 



r 

4 



e 

a< 3 >aa< 3 > 



X ) *o,i*o,i*o,i*o,i + ( 



1) *J,3*0,3*0,3*0,3 + (e 



iA^'aa' 3 ' 



^a^aa' 1 ' 



!j *o,i*o,3*o,i*o,3 4 

i) *0,2*0,1*0,2*0,1 + (< 



e 

1 a< 1 )aa< 2 ) 
;1 a< 2 >aa< 3 > 
^a^aa' 1 ' 



1 J *0,2*0,2*0,2*0,2 
i) *0,1*0,2*0,1*0,2 
l) *0,2*0,3*0,2*0,3 
*o\ 3 *0,l*0,3*0,l 



e iA(3,AA<2) - l) * 0j3 * 0)2 *0,3*0,2 



(70) 



Noting the fact that e ^ (r) ^ A<r) = 1 and e iA(s>AA<r) = e-'^'''^'*', we can simplify CJJD and get 



■ Y^a^'aa' 2 ' 

*0,2*0,3*0,2*0,3 + (< 



-^'aA' 2 ' 



2 ) *o,i*o,2*o,i*o,2 4- (e 



iA< 2 >AA< 3 > 



-»A< 2 >AA< 3 > 



2) *o,3*0,l*0,3*0,l 



4 sin 2 <i ^ [ *ai*a 2 *o,i*o,2 4- 4 sin 2 



V 
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f A< 2 > AA< 3 ' 



$0,2*0,3*0,2*0,3 



fA (3) AA (1) l 
+ 4sin 2 | 1*5,3*5,1*0,3*0,1 

= *0,1*0,2*0,1*0,2 + ^ * 0i2 *J, 3 *0,2*0,3 



^ *0,3*0,1*0,3*0,1. 



(71) 



We now show that (I7T1) is equivalent to marginal deformations of the scalar part of TV = 4 SUSY theory 
with gauge interactions switched off. The "Marginally Deformed" J\f = 4 SUSY Hamiltonian density is given 

by [mna 



Ho 



int 



Tr 



1*0,1*0,2 - e- 2l ^ 12 $ ,2*0,l| 2 + 1*0,2*0,3 - e~ 2 ^ 23 * ,3*0,2 I 



1*0,3*0,1 -e- 2M/331 * ,i*o,: 



{[*o,i,* ,i] + [*o, 2 ,*y 4- [*o, 3 ,*y}' 



(72) 



where the trace is over gauge index of the gauge group SU(N). Since we are not interested in gauge fields, 
so we switch off the gauge interactions. The Ho, int then takes the form 

f + \ |*0,2*0,3 -e- 2 " te $o, 3 *0,2| 2 
,2 7 

I + 4 

-2l7T^23 ( 



Ho 



inl 



7 
4 


*0,1*0,2 


+ I 


*0,3*0,1 


7 
4 


*0,1*0,2 


- 1 


*0,3*0,1 



-2i7T^] 



-2itt/3 3 



! *0,2*0,l| 4- | |*0,2*0,3 - e 
L *0,l*0,3| 2 , 



{[$0,l,*o,l] + [*0,2,* ,2] + [*0,3,*o,3]}^ 
*0,3*0,2| 2 



(73) 
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where to obtain the last line in ([75]) we have used the fact that for untwisted fields 

[$o,i(s), <!(*)] - [$o,2(a),4aW] = [*o >3 (aO,*S, 3 (s)] = °- ( 74 ) 
We can further simplify ([75)1 and get 

fto.int = |(1-COS2C712)$S !1 $J )2 $0,1 $ 0,2 + | (1 - COS 2cr 23 ) $0,2*0,3*0,2$0,3 
+ |(l-COs2cr 3 i)$ ( ! ) 3$J 1 $o,34 , 0,l 

= -7' sin 2 <Ti2 $t 1$ t 2$o i$o 2 _ y s i n 2 CT23 $J )2 $J )3 $ 0) 2$o,3 - f sin 2 CT31 $J 3 $J ^0,3*0,1 

= ^ ^,1*5,2*0,1*0,2 + -f < 3 *S,3^0,2*0,3 + ^ ^,3^,1*0,3*0,1 

= He,int, (75) 

where we have identified 2oy s = —2irf3 rs = X^ A X^ and 7' = —7. Since a rs and A are arbitrary 
parameters (due to arbitrariness of the components of 9 matrix and of /J ra ) so the above demands can be 
always satisfied. Hence, we infer that twisted scalar interaction Hamiltonian density (|66l) is equivalent to 
untwisted marginally deformed scalar interaction Hamiltonian density of (|73[) . Interested readers can also 
look at [14] for a similar work. 



3 Generic Twists 

So far we have restricted our discussion to only a very particular type of deformed statistics, which we called 
"antisymmetric twisted statistics" . Such a twist is characterized by the the commutation relations (1241) and 
(|33p . We called it an antisymmetric twist because the 6 matrix characterizing it was a antisymmetric matrix. 
Now we want to discuss twists which are more general in nature. 

Let us start with considering a more general dressing transformation, which is 

a R = Cre -iA | W9 lra g mj 
(o?)t = ei^mQm^ 



(6*)t = e -*\ w ««»«»4, (76) 



where 9i m is some arbitrary complex matrix and we have put a subscript R to distinguish these transforma- 
tions from the other possible transformations which are 

















- 4e-i A ' (r '*'» <} ". 



(77) 

Unlike the antisymmetric twist case, these two transformations are not equivalent but are related to each 
other as 

a R = Cre -^o lmQm = e -ix^e lm x^ e -±x^§ lmQmCr = e -iAWS Im ^ £ (78) 
Similar relations hold for all other operators. 
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Now, consider the operator Nf- = {ayya^. We have 

N r R = (a?? a? = e^ r) ~ e '^clc r e-^ )S ^™ = 4c r e^^- § '^. (79) 



In this work we will restrict to the case of iVj? = c\c r = iVo, r , so that atleast the twisted free Hamiltonian 
is equivalent to its untwisted counterpart. The above condition implies that 9t = 9i m i.e. all elements of 
9 are real. Hence forth we will restrict ourself to only real 6 and denote it simply by 9. Similar conditions 
will hold for left twists. 

Also we introduce the compact notation 

\[ r ^ 9i m Q m = V Q m where 9 is a real arbitrary matrix , 

\^6[ m Q m = A^ A Q m where 9' lm = —9' ml is a real antisymmetric matrix. (80) 

So the dressing transformations of (|77|) and ([TBI in this notation becomes 



a* 


= Cl . e -i A< " )v «, 


(«?) f 


- P |A<''»VQ + 




= d r e^ (r) ^ 7 




= e"^ Wv «4, 


a r 


= e-^vQcr, 




= C te^ <r,v «, 




= e^ M ^d r , 







(81) 

The creation/annihilation operators defined in (|81[) satisfy twisted statistics of the form 

afaf = c r e-i x{r) ^c s e-^ {s) ^ = e ^ MvAW c r c s e"* aM v « e ^ A<s> v « 
= e* A< " )vA<s) c s c r e"f aM vc ? e "^ (s) vQ 



= „e** (r>v * W e 




c s e~* A< 


3)v «c r e-* A( ' 


"'vQ 






e -§V e te 




-^ A<s)vc ? Cl ,e- 




' VQ 








-i A<s)v <?c r e- 


JAW 


'VQ 






-j A (s) VQ 


Cl .e-* A<r)v( 3 







= ry e 4AMAA(s) af a* (82) 

where we have denoted i\W A A< s ) = *A, (r ty m A£? = fA^^^ im — ^mi)Am , 9[ m being an antisymmetric matrix 
given by 29' lm = 9i rn - 9 mi . 
Similarly we find that 

(o?)t(af)t = V e^^ s) (a?)Ha??, 

a*(a?)t = r, e ^ A(r)AA<s) (a?)+ a* + (2tt) 3 2E p 6 rs S 3 ( Pl - p 2 ), 

b?b* = ry e jA(r>AA(s) 6f ft* 

(6?)t(6«)t = ^e" M ^ w (6f)t (6?)t, 

6*(&?)t = r; e - lA(r)AA<s) (6f)t6f + (2 7 r) 3 2i? p( 5 I . s( 5 3 (p 1 - P2 ), (83) 
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which are all same as in (|24l) . So making 9 matrix arbitrary but same for every particle species does not 
result in a different twisted statistics. 

To get possibly other types of twists, we have to take more general dressing transformations of the type 



(6*)t = e -iA, Cr) ^0»4. (84) 
nol 

Also, the left twists can be defined as 



Here 0( r ) is an arbitrary matrix but is not same for all particle species i.e. 9^2 @im ■ 



_ ye 



(ft^t = 4e-i>, M ^0». (85) 



(86) 



As before, the left and right twists are not equivalent but are related to each other as 

Similar relations hold for all other operators. 

Again we consider the operator = (a^)^a^ 

N? = (^tfl? = ei^r'LO-ct^e-i^JMg™ = c t Cr e iA«((* w )r m -^Jfl™. ( 87 ) 

We restrict to the case of iVj? = c\c r = No >r , so that twisted free Hamiltonian is equivalent to the untwisted 
one. The above condition implies that (9^)* m = 9^ i.e. all elements of 9^ are real. Similar conditions 
hold for left twists. 

Also, we introduce the compact notation 

A, W *£2 = 2o«. (88) 
So the dressing transformations of (|84p and (|85| in this notation becomes 













at— ia (r) Q t 




= d r e la ™ 






— e ~ ia m C 






— e ~ ia m C 




(a r L )t 


= 4e fa ™ 


Q m = f p ia {r) Q 




= e^^'Q- 






= d\e- ia ' 





(89) 
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The creation/annihilation operators defined by satisfy twisted statistics of the form 



a R of = c r e- la<r) Q c s e- iQ<s) « = e"* M A<s> c r c s e** W< * 
= ^e <aWAW c s c r e- ia(s)Q e- ia(r)Q 
= ri e la ' r) x(B) e ~ la{s)xir> Cs e~ iQ<s ' Q c> e~"* <r,Q 

ix< r >fl< r > x< s ) _±A <s) fl <s) >< r > 
±A (r) (r) A( s > -±A <r) e (s) A< s ' 

= f,e iX|W ( 9| ~" fl ™0^ ) a ,a r . (90) 

(r) (s) (r) (s) 

Since, a)' ^ a)' , and the 9s are arbitrary matrices so 20, = ; — flii also remains an arbitrary matrix 
and hence (|9T)]) gives more general twisted statistics. Also for twisted bosons rj — 1 should be taken and for 
twisted fermions r\ — — 1 is to be taken. 
Similarly we find that 

(O t («f) t = 

(6«)t ( & f)t = , e «(«WAM- a WAM) (6 H )t (6 fl)t = ^ e 4AW(flW-flW)AW (fi B )t (& fl )tj 
a r R (af)t = , e -i(a«AW-aWAW) )t + (2?r) 3 ^ ^ ^ _ ^ 



b R b R 



„ e (^-^0 A ^ (of)to« + (2 7 r) 3 2£; p( 5 r ^ 3 (p 1 - p 2 ), 
6«(6f)t = r,e-<« ( '' )A(s, -« (s,A( '' ) )(6f)t^ + (2^) 3 2i? p( 5 I .^ 3 (p 1 - p 2 ) 



r? (^-e 5 )^ (6 «)t 6 * + (27r) 3 2 £ p Srs 5 3 ( Pl pa), 



a«6f = ) ,e^(- WAW -- WAW )6ffl? = ,e-^ r) (^-^)^ ) 6« fl *. (91) 

From (jiJTj) it is clear that the antisymmetric twist discussed in the previous section is just a special case 
of this generic twist. If we take 9^ ri ^ — 9^ = ■ ■ ■ = 9^ TN ^ = 9 and 9i m — —9„a in (j§Tj). we will recover 
back the antisymmetric twisted statistics of the previous section. Moreover, unlike the case of antisymmetric 
twist, where due to antisymmetry of the 9 matrix, it was not possible to get twisted statistics for an internal 
symmetry group of rank less than 2, in this case, we can have twisted statistics for SU(2) as well as U(l) 
group. 

Using the twisted creation/annihilation operators, the left and right twisted quantum fields 4>g'^ can be 
composed as@ 

= / T^TTT^ K (p)e- ipx + {b L r )Hp)e^} , 



d 3 p 


1 


(2tt) 3 


2E p 


d 3 p 


1 


(2tt) 3 


2E P 


d 3 p 


1 


(2tt) 3 


2E p 



4 One can also compose fields with only left twisted or right twisted creation/annihilation operators but fields theories with 
such quantum fields are tricky to write and one has to introduce quantities like "complex mass" to write these theories. We 
will not discuss them in this work. 
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(O f (z) 



d 3 p 1 
(2tt) 3 



(92) 



Using the dressing transformations of it is easy to check that the above defined fields satisfy the 
dressing transformations 



CM 

<t>e, r {x) 



= (t>o,r{x)e 



(<^ r )+(z) = < r We» W «. 



(93) 



Also, we have 



= AW(«t(x). 



(94) 



As before, the Fock space states can be constructed using these twisted operators. We assume (with similar 
justification as for the case of antisymmetric twists) that the vacuum of the twisted theory is same as that 
for untwisted theory. The multi-particle states can be obtained by acting the twisted creation operators on 
the vacuum state. Because of the twisted statistics (PJTj) , there is an ambiguity in defining the action of the 
twisted creation and annihilation operators on Fock space states. Like the previous case, we choose to define 
aj.(p), p being the momentum label and a\ standing for either of the left or right twisted creation operators, 
to be an operator which adds a particle to the right of the particle list i.e. 

aUp)\pi,r 1 ;p 2 ,r 2 ; ...p n ,r n }e = \pi,n; p 2 ,r 2 ; . . . p n ,r n ; p,r) e . 

With this convention, the single-particle Fock space states for the twisted theory are given by 

= H( P )\o), 



(95) 



\P,r) 6 
\p,r) e = 4(p)|0). 



The multi-particle states are given by 



\pi,rr, P2,r 2 ; 
\pi,rv, P2,r 2 ; 



Pn j r n ) £ 
Pn 7 ) 6 



bt n ( Pn )...bt 2 (j> 2 )bt 1 ( Pl )\0), 
<4„(Pn) ■ ■ ■ a l 2 {P2)al 1 (pi)|0). 



(96) 



(97) 



Owing to the twisted commutation relations of (pM)) . the state vectors also satisfy a similar twisted relation 
e.g. for two-particle states we have 



\p2,r 2 ;pi,ri) e = e \ A > \p u n; p 2 , r 2 ) e , 

m,r 2 ; p 1 ,n) e = eV ) \p l} n; p 2 , r 2 )e- 



(98) 



The SU(N) transformations of the twisted fields can be discussed in a way similar to the previous section. 
For example, the fields (fig r transform under SU(N) as 



U{a)4>l r {x)U\a) = $' r (x) = U{a)e~ la(r)Q U\a) U(a)^ r (x)U^(a) 
U(a)(4 >r )Hx)UHa) = ($ r )Hx) = U(v)4 tr (x)rf(a) U {a)e^ r) ^ U\a) 



(99) 
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where C(r)( cr ) = U(a)e lair)Q U^ (a) is a unitary operator satisfying C(r) ( CT )C( r ) O 7 ) = C( t r )( cr )C(r)( cr ) = !• 
Similar relations hold for fields also. 

The transformation properties of the state vectors can be similarly discussed. For example, assuming that 
vacuum remains invariant under the transformations i.e. U(a)\0) = |0), the single-particle states transform 
as 

U(a)\r) e = U(*)4\0) = U(a)atu\a)U(a)\0) = U {<r)c\ e ia ^ Q {a)U {a)\Q) 

= U(a)4u\a)\0) = (e^) sr cj|0> = (e^ T °) sr a\\0) = (e M ) sr \s) e , 

U(a)[r) g = U(a)bt\0) = U(a)blu\cr)U(a)\0) = U(a)4 e~ laMQ (a)U(a)\0) 

= U{a)4u\aM = (e-^) d+|0) = (e— T 'A b\\0) = (e"^) \s) e . (100) 

V J ST \ ' ST \ ' ST 

Again, the mult i- particle states follow twisted transformation rules, e.g. the two-particle states transform as 
U{a)\r,s) e = e e (e a a J ts (e °°j Mr |u,i) e , 

tf(a)M fl = e la{s)xiT) e- ia (t>A<u) (e"^ T ») (e"^) (101) 

V / ts V / iir 

Since the left and right twisted fields have analogous properties, so henceforth we will consider only left 
twisted fields and will drop the superscript " L " from it. All the computations and conclusions applicable 
to left twisted fields can be equally applied to right twisted fields. 

Now we have to define the analogue of star-product of previous section. We define the "generic star- 
product" * as 



i 



Ql,4>* r (x) 

Qn,<t>f. r ( X ) 



(>-; 



±a 



(r) 



WtG/)]]} 

(102) 



where +a^ r ' is to be taken if the field <j)f r stands for (j>\ r and — if (j)f r stands for (j)g^. 
Due to the relation (jMJ), we have 

*U*)*4M = eK^ W )(^)^« H )(" H ))i (l ).^(y), (103) 

where aS r \ should be taken if <f)f r = <t>\ r and — aS r \ —X^ should be taken if ()>J — <f>e >r . So again 
the ^-product is nothing but multiplying a certain phase factor to ordinary product. Nonetheless like in 
the previous case, using *-product will simplify things and the product should be regarded as a compact 
notation used for convenience. 

Having defined the product rule on single fields we have to now define how it acts on a composition 
of fields like (^fr^tsj • Demanding that our product remains associative, the action of the ^-product on 
composition of fields is defined as 

t>* 6*\ = 6* fi f((±« W ±^)£-(±« M )3) ^# ^ 

i 
2 

2! (2. 



{(- 



h,4>t r 



{(±a«±af)) ( = 



±ai s) ± a 



(±a&>) [Q m ,(4jt)}} 
Qi 



h* 



±a 



(r) 



±a 



(r) 



Or. 



Qv, («*)]]} 



(104) 
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Similar action of ^-product applies for composition of multiple fields 



(105) 



The above defined ^-product can be viewed as the internal space analogue of another widely studied spacetime 
product called "Dipole Product" [5]. 

The star-product introduced here has the property that 



4,r * (4,. * <*) = (<C * 4,s) * 4,V ( 106 ) 

and by construction we have 



(107) 



Also, because of the dressing transformations (|52")l we have 

C, * C * ••• * C = ^LC ...Ce^^^^-^"')^ (108) 



where k is a phase factor whose explicit form depends on whether <f>it stands for cpl or <pg^ r field. Also, 

is to be taken if (j>f r = <j>' g r and — if cj>f r — 4>o, r - 

Having defined the ^-product, the field theories can be conveniently written by following the rule that, 
for any given untwisted Hamiltonian its twisted counterpart should be written by replacing the untwisted 
fields (f>o. r by the twisted fields <pe,r and the ordinary product between fields by the *-product. 

Using the above rule, the free theory Hamiltonian density Tie.F in terms of twisted fields can be written 

as 

He,F = nj r * Tie + (<9;<^ r ) * {d % <f>e, r ) + m 2 4>\ r * <?V,. 

= n+ r n e , r + (ditl^&far) + m 2 4, r h,r, (109) 

where Hg t r is the canonical conjugate of 4>g. r ; r = 1, 2, ■ • • ,N and to obtain the last line in (|109l) we have 
used (|107p . The Hamiltonian density in (|109[) is invariant under the SU(N) global transformations which 
can be explicitly checked by using (IM1) . 

The renormalizable SU(N) invariant interaction Hamiltonian density is given by 

7 t t 

Md,Int = 7 %. r * <f>e,s * <W,r * 4>6,s 

= -^ eK ' 9e,r < Pe, s ( Pe,r(P9, s , (110) 

where r, s = 1, 2, • • • , N. Using (IM1) one can check that (|110[) is indeed invariant under SU(N) group. The 

presence of phases of the type e l ( a< >A< > ~ a >A< ) in (|110[) means that unlike the untwisted case, the demand 
of SU (N) invariance forces the various terms to have different couplings related with each other in a specific 
way. 

Again like the previous section, the discussion in this section can be generalized in a straightforward man- 
ner to include spinor fields and twisted fermions. For that we have to take anticommuting creation/annihilation 
operators and the twisted fermions will again satisfy (|91[) but with r/ = — 1. Also, the above discussion can 
be easily generalized to higher dimensional representations of SU(N) group as well as to other symmetry 
groups like SO(N). 
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3.1 S— matrix Elements 

Like the previous case of antisymmetric twists, here also by construction we have ensured that the twisted 
SU(N) invariant free Hamiltonian density %g t F remains same as the untwisted one i.e. 



U e ,F = nj r * Ug tr + {di<f>l r ) * (#Ve,r) + m 2 4>\ r * (j)g >r 

= nj r n , r + {d^lrWM + m 2 ^ 0r (f> , r = Hq,f, 



(111) 



where to obtain the last line we have used the dressing transformation (|93| and the relation (|108l) . Similarly, 
the twisted SU(N) invariant interaction term can be shown to be same as the untwisted one 



= nJ r IIo, r + {d i 4>\ S r ){d % (t)Q, r ) + m 2 (/>l tr 4>0,r + 7 <Ao, r 0O, s <?Vr0CM = %0,lnt- 



(112) 



Since the twisted in/out states also contain information about twisted statistics so we should again look at 
the S— matrix elements. For a typical S— matrix element, like for the scattering process of 4>6,r4>s,s 4>6,r<t>6,s 
we have 



S [4>eAe,s ~> ^e,r0e, s ] = outt g {rs\rs) eAn = e (rs\Sg\rs) e 



(113) 



i J_ oc d 4 zHejnt(z) 



where Sg = Texp 
states by \rs) e — a\al\0). Because of (|112|) we have 



is the S— operator and we have denoted the two-particle in and out 



Sg — Texp 



= Texp 



<i 4 2Ho,Int(z) 



— So- 



(114) 



Also we have 



rs 



a\a\. |0) = e 



ia' s) X< r > + J 



44 |o) 



Using (|115p and (|1 14[) we have 

S [<t>e, r <t>e,s ->■ 



\r<P6,s\ — 



e jq e 



{rs\ S \rs} 

S \4>0.r4 l O,s 4>0,r<t>0,s] 



(115) 



(116) 



So like the antisymmetric twist case, the S— matrix elements of twisted SU (N) invariant theory are same 
as that of the untwisted SU (N) invariant theory. One can equally regard a SU (N) invariant S— matrix 
element as due to untwisted hclds with local interaction terms or due to nonlocal twisted fields, and hence 
it is difficult to distinguish between the two theories by doing a scattering experiment. 

Again dropping either the demand of invariance of vacuum or invariance of the interaction term under 
SU(N) transformations, will result into twisted theories being different from the untwisted ones. For example 
if we do not multiply fields with ^-product then the twisted Hamiltonian density with quartic interactions 
can be written as 



He = n| r IV + {di^rWM + m 2 4 r (f> g , r + J 



h\ aA 



h.c. 



(117) 
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where • • • represents the other 24 possible terms which we can write. Some of these 24 terms are equivalent to 
other terms but unlike the untwisted case not all of them are equal to each other. Moreover, this Hamiltonian 
has no SU (N) symmetry and it maps to the marginally deformed Hamiltonian of the untwisted theory. 
The interaction Hamiltonian given by 

*y x ± ± 

Uejnt = 7 (j>l tr * (t>0 tr * 4>l,s * ^0,s + h-c, (118) 

is not even equivalent to any local untwisted Hamiltonian, and maps to 

n ,mt = I < r 4,r4>, e UMAQ + h-c, (119) 

which is nonlocal because of the presence of nonlocal operators Q m . 

In this section and the preceding one we constructed field theories involving nonlocal fields having twisted 
statistics. We only restricted to a small subset of all such possible twisted theories. One can consider various 
generalizations of such twisted theories and we plan to discuss more of them in later works. 



4 Causality of Twisted Field Theories 

In this section we briefly address the issue of causality of the twisted quantum field theories. As it turns 
out, the twisted fields and hence the twisted field theories constructed out of them are in general non-causal 
but inspite of that one can construct Hamiltonian densities like the SU(N) invariant ones, which are causal 
and also satisfy cluster decomposition principle. 



4.1 Commutative Case 

For sake of completeness, we start with reviewing the discussion of causality in the untwisted case. Again 
we limit our discussion only to scalar fields but similar arguments (with appropriate modifications) also hold 
for spinor fields and anti commuting operators. In the untwisted case, for complex scalar fields 4>o, r (x)', 



r = 1, 2, • • • N we have 



iA° rs (x-y) = 



<t>oA x )><t>o, s (y) 



d 3 p sin p(x — y) 



(2tt) 3 



En 



(120) 



It can be checked that for space like separations i.e. [x — y) 2 < we have 



iA° rs {x-y) 



</>oA x )><t>o,s(y) 



for (x - y) 2 < 0. 



(121) 



Also, we have 



[0o,r(aO,to,.(tf)]|O> = (0 [<&A X )>4,.(V) 



0) = 0. 



Using (I12ip and (|122[) it can be easily shown that any local operator which is a functional of <fio. r , <j> Q s 
their derivatives will also follow a similar relation e.g consider a generic local bilinear operator 



(122) 
and 



E°(x) = (f>lAx)£,rs{x)(t>oA x )i 



(123) 
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where £, rs (x) can be either a c-number valued function or a differential operator. Now, we have 

[3°(x) , 3°(y)] = [4>l r (x)£ rs (x)(po tS (x) , 4>o, u (y)^uv(y)^oAv)] 
= £,rs(x)Zuv{y) [^o,r( x )^o,s(a;) . «Ao,ii(2/)^o,«(y)] 

= £r S (a:)&™(y) {^o,r( a; )^Q,u(y) [^o.sO), <hAv)] + Cf 1 ) [0o,»(aO, 4,u(y)] <hAv) 

0,r( x ) ' ^0,« (»)} 

= Crs(ar)^«t;(y) {^o.rC^) i£ s «A su (a; - y) 4>o,v(y) + <t>o,u(y) (-i)8rvArv(y - x) o , s (aj)} 
= for (x - y) 2 < 0. (124) 

Similarly it can be shown that self commutator of other local operators (at two different spacetime labels) 
which are functional of 0o,rj 0o r an< ^ their derivatives will always vanish for (a; — y) 2 < 0. In particular its 
straight forward to see that the self commutator of a local Hamiltonian density at two different spacetime 
labels always vanish for (x — y) 2 < i.e. 

[H(x),H(y)} = for [x - y) 2 < 0. (125) 

Hence, in untwisted theory, (I121j) is a sufficient although not necessary condition for the theory to be causal. 

4.2 Twisted Case 

In the twisted case, the relation analogous to (|121l) does not hold. So for twisted case we have 

iA e rs (x-y) = (o|[&, r (a),^ )a (w)]|o) 

-» (r, «0o,,(x),< s (z/)e- 



(»{' 



,<Pl, s (y)\ 

" ,W « ^ <s) «l 0o,,(x)}|o) 



0o,r-(z) , </>o, s (3/) 



i*„A°.(*-l/) + { e -» ( ^ (s) +e^ <s)+ " M )^ ) }(o|< s ( 2/ )^(x)|o) 



(126) 



where in last two steps we have used the fact that Q|0 >= |0 >. Let us denote A = ^0 4>q s (y)(f)Q tr (x) 

It can be easily seen that although A® s (x — y) vanishes for space- like separation but A does not vanish. For 
example, let us take the special case of (x° — y°) = and (x — y) — z. This is a special case of space like 
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separation i.e in this case (x — y) 2 < 0. Therefore, we have 



A = 



<AL(y)<fo,r(x) 



d 3 p i r 


d 3 g 


1 


(2tt) 3 2E p J 


(2tt) 3 


2£ 9 


d 3 P i r 




1 


(2tt) 3 2£ p y 


(2tt) 3 


2£ 9 


d 3 p i r 


d 3 g 


1 


(2tt) 3 2£ p y 


(2tt) 3 


2£ 9 


/" d 3 p 1 






y (27r) 3 2£ p 







(0|(c+(g)e^ + 4(g)e-^) (cr(p)e-<** + 4(p)e**)|0) 
(0|d a (g)4(p)|0) e ipI e- iM 
(27r) 3 2^ p J rs( 5 3 (p - g)e ipa: e- iTO 

for (a; — y ) = and (x — y) = z. 



(127) 



Going to polar coordinates we have 

A = 27r<5. r , 
mS r 



dp 



\p\ sin|p||z| 



4tt 2 |z1 



o (2^) 3 y/lffl+m? 1*1 
Ki{m\z\), 



(128) 



where K\ is the Hankel function. Clearly A does not vanish for all space-like separations. So using (|128[) in 
(|T2l)| we have 

zA^z-y) = iS„A°„{x-y) + ( e -* w * w + e ^ w +« w )> w ) A, (129) 
which for a particular special case of space-like separations i.e. (a; — y) 2 = z 2 < and (x° — y°) = is 

D i(a <s) +« (r) )A<''A m§ r 



iA° s (x-y) 



+ e 1 



4tt 2 I 



-ivTi(m|z|) ^ 0. 



(130) 



Hence, unlike the untwisted case, the twisted fields don't commute for all space-like separations. An im- 
mediate consequence of (|130p is that it can no longer be guaranteed that, the self-commutator at different 
spacetime labels, of all operators which are functional of the twisted fields (or their derivatives) will vanish 
for space-like separations. In particular, following computations similar to (|124p . it can be shown that the 
self-commutator of generic twisted bilinear operators £ e (x) = (x)£ rs (x)(f>g tS (x) does not vanish for all 
space-like separations i.e. 



[~ e (x), E e (y)} ? forall(x-y) 2 < 0. 



(131) 



A similar result will follow for any generic operator formed from these twisted fields. But as remarked earlier, 
the condition (|121l) (or its twisted analogue) is just a sufficient condition and by no means it is a necessary 
condition. Infact even in untwisted case, (|121j) is not satisfied by fermionic fields. Therefore inspite of (|130p 
it is still possible to construct twisted Hamiltonian densities which satisfy causality constraints 



[H(x) , H(y)] = for (x - yf < 0. 



(132) 



It is easy to see that the twisted SU (N) invariant Hamiltonian densities of (|5"3"|) and (|112j) satisfy the causality 
condition. But a generic Hamiltonian density constructed out of twisted fields will not necessarily satisfy 
(|132p . For example, the nonlocal Hamiltonian densities of (joTj) and (|118p are noncausal. 
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5 Conclusions 



In this paper we discussed the possibility of having twisted statistics by deformation of internal symmetries. 
We constructed two such deformed statistics and discussed field theories for such deformed fields. We showed 
that both type of twisted quantum fields discussed in this paper, satisfy commutation relations different from 
the usual bosonic/fermionic commutation relations. Such twisted fields by construction (and in view of CPT 
theorem) are nonlocal in nature. We showed that inspite of the basic ingredient fields being nonlocal, it is 
possible to construct local interaction Hamiltonians which satisfy cluster decomposition principle and are 
Lorentz invariant. 

We first discussed a specific type of twist called "antisymmetric twist" . This kind of twist is quite similar 
in spirit to the twisted noncommutative field theories. The formalism developed for antisymmetric twists was 
analogous (with appropriate generalizations and modifications) to the formalism of twisted noncommutative 
theories. We then constructed interaction terms using such twisted fields and discussed the scattering 
problem for such theories. We found that the twisted SU (N) invariant interaction Hamiltonian as well as 
S— matrix elements are identical to their untwisted analogues and hence by doing a scattering experiment it 
is rather difficult to distinguish between a twisted and untwisted theory. We further showed that relaxing the 
demand of SU (N) invariance leads to differences between the two theories and for certain interaction terms 
the twisted theory is nonlocal although its analogous untwisted theory is local. As an interesting application 
of these ideas we showed that the marginal (/3-) deformations of the scalar matter sector of TV = 4 SUSY 
Hamiltonian density can be described in terms of a twisted interaction Hamiltonian density and hence the 
twisted internal symmetries can be used to significantly simplify the discussion of such theories. 

We then constructed more general twisted statistics which can be viewed as internal symmetry analogue 
of dipole theories. We also discussed the construction of interaction terms and scattering formalism for it. 
The main results for general twists are same as those for the antisymmetric twist. 

We ended the paper with discussion of causality of the twisted field theories. We showed that the twisted 
fields are noncausal and hence a generic observable constructed out of them is also noncausal. Inspite 
of this it is possible to construct certain interaction Hamiltonians, e.g. the SU (N) invariant interaction 
Hamiltonian, which are causal and satisfy cluster decomposition principle. In view of the nonlocal nature of 
the twisted fields, these field theories (with appropriate generalizations) have the potential to circumvent the 
Coleman-Mandula no-go theorem [15]. We plan to discuss such theories in future works. Also, in this work 
we did not discussed the possibility of spontaneous symmetry breaking. Such a scenario is quite interesting 
but it requires a separate discussion. We plan to discuss it also in a future work. 
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